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1. — INTRODUCTION

In this paper a description will be given of a class of tests treated in chapter
4 of my thesis [4]. By means of these tests the hypothesis H, that k parameters
f:, ..., 9% satisly the inequalities

{lnl? ng“a'g ﬁﬁ

may be tested against the alternative hypothesis that at least one value of i
exists with 8, > §;.,.

In the chapters 1-3 of my thesis a related problem is treated namely the
problem of estimating k& unknown parameters 8,, ..., 6;, known to satisfy

1. inequalities of the type : ¢;(6;) < ¢;(8;),
(1.2)

2. inequalities of the type : ¢; < ¢;(8;) < d,,

where, for each i =1, ..., k, ¢,(6;) is a given function of §,, whereas ¢, and d,;
are given numbers. A special case of this problem is e.g. the estimation of k
parameters ¢,, ..., i, known to satisfy the equalities 4, < ... < 6.

A description of this estimationproblem and its solution has been given

by J. HEMELRIJK [5]. The proofs may be found in [4].

A description of the class of tests for the hypothesis (1.1) will be given in
this paper in section 2. Section 3 contains the special cases where 8, is

1. the parameter of an expomential distribution.

2. the variance of a normal distribution,

3. the mean of a normal distribution with known variance,
4

. the length of the interval of a rectangular distribution.
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4 STATISTIQUE MATHEMATIQUE

Further an analogous distributionfree test, based on WILCOXON’s two

sample test, will be described.
In this paper no proofs will be given; these may be found in [4].

2. — DESCRIPTION OF THE TESTS

The situation to be considered may be described as follows. Let x4, ..., x5 )
be k% independent random variables and let, for each 7 = 1, ..., k,
x. (y=1,...,n;) be n; independent observations of x;. Let further, for each

i=1,...k #; denote an unknown parameter of the distribution of x;.
The hypothesis

(2-1) H0:6’1<... <9k
will be tested against the alternative hypothesis
(2.2) H : at least one value of 1 exists with 4; > 6,...

This test is performed as follows. Let, for each i = 1, ..., k— 1, T, denote a test
for the hypothesis

(23) HO i 20, < 01
against the alternative hypothesis

(2-4’) H,; : 0; > 0.1,

Let, for each i =1, ..., k—1, t; denote the test statistic and Z, the critical
region of this test. Then t; is a function of Xi, 19 +o3 Xin,s Xit1,1s -+e9 Lig1,n,  and
H, ; is rejected if and only if t; ¢ Z;.

The test for the hypothesis H, then consists of rejecting H, if and only if a
value of i exists with ¢; ¢ Z,.

Now suppose that the tests T}, ..., Tk, possess the following properties. Let
a; S P{Ei e L l 0; = 9i+1}, ?)

(2.5)

N;%tn, + n;,
and let, for each i = 1,...,k —1, the limit N; — o be taken under the con-
ditions

Lim ni — oo,

Nti-roo

(2.6)

N ;>0

then we suppose that, for each i=1,....k—1

?

') Random variables are distinguished from numbers (e.g. from the values they take in an
experiment) by underlining their symbols.

) P{A} denotes the probability of event A.
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1. P{_{z e Z; l 0; < 9»5.{.1} \<\ Qi

2. Iim P{_E.,, el ; l g, < 6i+1} = (),
(2.7) Ni——a»oo

3. Iim P{L,, EZ.i, ' g, > 91;4.1} = ].

N 00
1

Now it may easily be proved (cf. [4]) that the test for the hypothesis
H, possesses the following properties. Let o, denote the size of the critical
region of the test for H, (i.e. let a, denote the probability, if H, is true,
of rejecting H,), let

K
(2.8) n def )3 n;
1=1

and let the limit n — o be taken under the conditions

(2.9) lim n; = «© foreachi=1, .., k,
N> (0

then we have

k-1
1. 4 4y <, 2 .

=1

2. the probability of rejecting H,, under the hypothesis
. < ... < 0y, tends to zero for n — oo,

(2.10)

3. the probability of rejecting H,, under the hypothesis H, tends
to 1 for n —» w.

If, moreover, we suppose that, for each pair of values (Z,j) with i < j

(2.].1) P{E@ £ Zi and li € Zj ’ 97, — 9{.4.1, ej — 9j+1} ~<\
< P{L e 4; l g; = 9i+1} . P{Ej £ Zj l B, = 9j+1},

then we have also (cf. [3] and [4])

the probability of rejecting H,, under the hypothesis
(2.12)

k-1 k-1
51“-—“...:6}5,IS> 2 aim%{ﬁai}".
1=1 1=1

k-1
Thus if we take e.g. 3 a; = 0,05 then we have
1=1

1. the probability of rejecting H,, if H, is true, is < 0,05,
2. the probability of rejecting H,, under the hypothesis

f; = ... = Oy, is > 0,05 — } (0,05)2 = 0,04875.

Tests T'; satisfying the conditions (2.7) and (2.11) will be described in section 3.
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3. — EXAMPLES

3.1. — An exponential distribution with parameter 6,

We first consider the case that x, possesses, for each i = 1,..., k, an expo-

(3.1.1} Plxygx}=1l—e v (x20).
Now let, for each z = 1, ..., &,
. L 2
o _ def 1 !
%34.»&»2} X, = - hJ Xiy
?1@ }—*ﬂ
then we take, for each i = 1, .
(3.1.3}

and for Z, we take a critical region of the form ¢, > t,« where [cf. (2.5)]

%31'%“4} P‘gi‘&« @ !‘“i,a,h jgi — 6‘i+1} = a’%'

L

Now (3.1.1) entails that for each i = 1, ..., k, 20;nx; possesses a y*-distribution
with 2n, degrees of freedom, thus t; possesses, for each i = 1, ..., k — 1, under
the hypothesis 4, = #6,,,, an F-distribution with 2n,.,, and 2n, degrees of

freedom. Thus the critical values t ~may be found from a table of the F-

&
o'

distribution.
It may easily be proved (cf. [4]) that these tests T, ..., T, satisfy the

conditions (2.7} and 2.11).

3.2. — A normal distribution with variance 6,

Now let, for each i =1, ..., k, x; possess a normal distribution with
unknown mean pu; and variance ;. Then, if

(!
A m )3 X,y — &
(3.2.1) a TR P
“ di @ | "
1 i
sf g;ﬁi S ——— }_: €xl,‘y’m:f‘*i ) “'?
ngml‘yml

_. $; .
%3-2;23 t'ﬁ, e MTW(I‘ e 1? ‘e km 1):
t+1

{nﬁ o lbﬁa"ﬁ » » » » *
g, POssesses, for each t = 1, ..., k, a y*-distribution with n; — 1
i

degrees of freedom ; thus, for each i=1, ..., k—1, ¢, possesses, under the

Now
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hypothesis ¢, = §,.,, an F-distribution with n;, — 1 and n, ., — 1 de agrees of

freedom. We again take eritical regions of the form ¢, > t, . . where £« mMay
g . A

iy
ey .@ : . f’i

found from a table of the ¥F-distribution.
and (2.11) are identical with those of the for

The proofs of (2.7}

f?ﬁﬁ?ﬁlmgg

7
I .

n.

v Ay 2 g v ¢”4 def y
s 18 replaced by s 4! S (x; y — 1, )% where

sesses a y“-distribution with n; degrees of freedom.

3.3, — 4 normal distribution with mean 6, and known variance

normal

We now consider the case that, for each i = 1, ..., k, x, possesses a
“

bution with mean 8, and known variance o2 Let, for each i = 1, ..., k,

%
l i
@ 3#3%4& E ® % ’E,ﬁ. f%..%g T———— }: xﬁ a?}

hen we take
(3.3.2) t, =% ,.—X;, (t=1,..,k—1).

The statistic t; possesses, under the hypothesis §; = 6,.,, a normal distribution

zero mean and variance

ffﬁ {?ﬁ
i 1+ 3

{3.3.3 ) ﬂﬁégg § i = 0i) = — + — =1, ...,k — 1).

We take a critical region of the form ¢t >t ; then

() Y,

4 ok TemEE g AR R B e e T T R FRTRAF AT Y b . T T L A PR A Mk ST TVt 414 Dl AN Bl gy
;
U [ ] U d
@’ 2' 1

L=t —,
W Vo

#ﬁ i
3 b

i
¢

{ 3.4 ) L,

vhere ¢, is defined by

{3.3.5 } ettt e 3x2 dx = Q.

Thus ¢, . may be found by means of a table of the normal distribution. It
may easily be seen that this test satisfies (2.7). Further t; and t; are, for
J>1 -+ 1, independently distributed, i.e. (2.11) holds for each pair of values
(%, j) with j > 7 4+ 1. For J=1t1+ 1, t; and t; possess a two-dimensional normal
distribution with negative correlationcoefficient and it may easily be proved

(ct. [2]) that (2.11) holds in this case.

3.4. — A rectangular distribution between 0 and 6,

Finally, let, for each i =1, ..., L, x; possess a rectangular distribution
between 0 and 4, > 0. Let, for eachi= 1, ..., k

»
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(3,41} z; % max Xi,7s
E%V%ﬂi

then icf. [-4], chapter 2} z; i1s the maximum likelihood estimate of 6.. In this
case we lake, fori =1, ..., bk —1,

o i
ﬁ_ :gu“%’aﬁ @ tb i
Zi+1

with critical regions of the form t; 2> t; 4.

Now we have (ef. [4])

1 It
| n; : i
i ) n;., Lf xq <~ ?
. N%&’@ i
(J.-8.3 ) t =
LN
b
NV, n;
{ (]_ e a%) lf a;, ; .
i n%l n’i N?v

The proof of 127} and (2.11) may be found in [4].

3.0, — An analogous distributionfree test

In this section an analogous distributionfree test based on WILCOXONs
lwo sample test will be described. Let x,, ..., x; be independent random
variables, possessing continuous probability distributions. Let further, for

cach 7 =1, ..., k x,, ..., Xi,», be independent observations of x; and let
tef. {17

Uy, )

In the sequel of this section a test will be described for the hypothesis H’
that x,, ..., x; possess the same probability distribution. This test is based on
W .. ... W, and is performed as follows. Let, for i =1, ..., k—1, H’ denote

0, ¢

the hypothesis that x, and x,,; possess the same probability distribution and
let Z* denote a critical region of the form I/ = W . where
i i

aq
%
(3.5.3} P{E@ A | H:m} = P{E’: - W%'&“ g H;J } = aj.
¥

O I UG s the test statistic of WILCOXON s two sample test, according to H.B. MANN
and D.R. WHITNEY [6] then W, = 2U,

e ??.%Tl@.i.‘ﬂ_.
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Then the hypothesis H’ is rejected if and only if a value of i exists with
W eZ'.

For small values of n; and n,;,, the critical values W’i:"’z may be found from a
table of the exact probability distribution of I; under the hypothesis H
(cf. e.g. [6] and [7]). For large values of n; and n;,, W, is under the
hypothesis H’ , approximately normally distributed with zero mean and

variance

(3.5.4') 0‘2(2% I Hz,-i) — %"‘niniﬂ(Ni« + 1).

Thus in this case an approximation to W ; », may be found from a table of the

normal distribution.
Now let a, denote the size of the critical region of the test for H; , 1.e. let

(3.5.5) o ﬁP{[ZisZ; for at least on value of iIH’;}
then it may be proved (cf. [4]) that
k-1 k-1 k-1
(3'5-6) E ai"""‘%{ Eai }2\<\a0< Eafi-
=1 1=1 1=1
Lot Further the test for the hypothesis H’ possesses the following properties.
(3.5.7) 0,4 Plx; > i} i=1,....,k—1),
let the limit n — oo be taken under the conditions
(3.5.8) lim n; = » foreachi =1, ..., k
n—>00

and let H’, H’ and H’ denote the hypotheses
1 2 3

1. H’ : for each value of z : ¢/ < &

2. H’ : at least one value of i exists with ¢’ > 4,
(3.5.9) ? '

3. H! : ( for each values of i : 6/ < 3,
at least one values of i exists with ¢’ = 4.

Then we have, (cf. [4]), for n > o

1. the probability of rejecting H’ under the hypothesis H’ tends

to zero,

2. the probability of rejecting H’ under the hypothesis H’ tends
(3.5.10) to 1,

3. if «; is sufficiently small for each value of i with §7 = 1, the
probability of rejecting H’ under the hypothesis H tends to

a hmit < 1.
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RESUME

Des tests pour Chypothése 8, < ... < 0k concernant k paramétres
8.. ..., 8, tnconnus.

Soient 8,, . , #; des paramétres inconnus de k lois de distributions. Le probléme,
dont une solution est donnée 1ci, est de tester 'hypothése

01 < < 0
contre les hypothéses alternatives qu'il y a au moins un pair (8;, 8;) avec i < | et
g, > 0,

Le test se compose d'une série de tests de deux échantillons pour 'hypothése §; < 8.
(¢ = 1, ., k—1). Le type de ces tests pour deux échantillons dépend de l'information
disponible sur la forme des lois de distribution dont les échantillons ont été prélevés.



